Black Holes Conserve Information in Curved-Space Quantum Field Theory 
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The fate of classical information incident on a quantum black hole has been the subject of an on- 
going controversy in theoretical physics, because a calculation within the framework of semi-classical 
curved-space quantum field theory appears to show that the incident information is irretrievably 
lost, in contradiction to time-honored principles such as time-reversibility and unitarity. Here, we 
show within the same formalism embedded in quantum communication theory that signaling from 
past to future infinity in the presence of a Schwarzschild black hole can occur with arbitrary ac- 
curacy, and thus that information is not lost in black hole dynamics. The calculation relies on a 
treatment that is manifestly unitary from the outset, where probability conservation is guaranteed 
because black holes stimulate the emission of radiation in response to infalling matter. This radia- 
tion is non-thermal, and contains all of the information about the infalling matter, while Hawking 
radiation contains none of it. 
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Black hole evaporation poses a serious challenge to the- 
oretical physics because it is a problem at the intersec- 
tion of general relativity and quantum mechanics, pre- 
cisely where our understanding is the weakest. From 
the moment Hawking discovered the eponymous radi- 
ation effect many researchers have concluded that 
black holes introduce an intrinsic irreversibility into the 
laws of physics, together with an intrinsic unpredictabil- 
ity 0- The reasons for such a radical departure from 
conventional physics at first seem incontrovertible. Be- 
cause the only identifiers (quantum numbers) of a black 
hole that can be measured are its mass, charge, and angu- 
lar momentum, information not encoded in these quan- 
tum numbers would be lost after the particle disappeared 
behind the horizon, making the dynamics strictly irre- 
versible. This implies that, from the point of view of 
communication theory, signaling between a sender that 
encodes information into a beam of particles aimed at 
the horizon, for example, and a receiver at rest outside 
the horizon at future infinity, would be fundamentally 
impossible. 

If information is trapped within a black hole, we are 
faced with another paradox, known as the coherence 
problem Hawking radiation, while reducing the mass 
of the black hole, results in a highly entangled quantum 
state whose support is the joint Hilbert space spanned by 
the horizon and future infinity. While this state can be 
pure, the quantum state at future infinity (averaged over 
the horizon) is naturally mixed. If black hole evapora- 
tion ultimately results in the disappearance of the hori- 



zon, what happens to the quantum state at this point? 
Does it remain mixed, or does it magically return to a 
pure state on future infinity? Standard arguments sug- 
gest that the latter cannot happen if information remains 
trapped behind the horizon, because black holes just be- 
fore complete evaporation would be too small to encode 
all of it. And even if they could, this much entropy could 
not be radiated away in a finite amount of time. Tech- 
nically speaking, the coherence problem is different from 
the information paradox because it addresses the quan- 
tum state after black hole evaporation, while the informa- 
tion paradox concerns the possibility of signaling in the 
presence of a horizon. However, the two problems are 
intimately related, because if information does not "ac- 
cumulate" behind the horizon but instead remains out- 
side (as we suggest), then the coherence problem appears 
much less severe. 

Here, we address the information paradox, or more pre- 
cisely, the impossibility of signaling in the presence of a 
black hole event horizon, by showing that the informa- 
tion transmission capacity of the black hole channel is 
non-zero, and that therefore classical signal states can 
be decoded with arbitrary accuracy by an observer sus- 
pended at future infinity outside the black hole horizon. 
We derive the black hole channel capacity within stan- 
dard curved-space quantum field theory, that is in the 
semiclassical approximation where the back-reaction of 
the quantum dynamics on the metric field is ignored. 
Signaling is made possible by the stimulated emission 
of radiation that must accompany absorption. The well 
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known spontaneous emission (Hawking radiation) turns 
out to provide the noise of the black hole channel, noise 
from which no information can be extracted. In the fol- 
lowing, we first calculate the joint quantum state of black 
hole and radiation when late-time (signaling) particles 
accrete, then use standard quantum channel theory (see, 
e.g., 01) to calculate the capacity of the channel. 

In units where h — c = G = k = l,a, non-charged, non- 
rotating black hole has an entropy given by ^bh = 47rM^, 
where M is the mass of the black hole, and a tempera- 
ture T = {8ttM)~^, the Hawking temperature. Black 
holes are formed in stellar collapse of stars of suffi- 
cient mass, and can subsequently accrete particles (see 
Fig. la). Through the process of virtual pair formation 
near the event horizon, with one of the pair's particles 
disappearing behind the event horizon and the other go- 
ing off to future infinity (the time-slice X+ in Fig. 1), a 
black hole loses mass by providing it to the virtual pair, 
which, in turn, goes on mass shell. The problem of loss 
of predictability is easily seen in Fig. la, where different 
trajectories of particles accreting onto the black hole are 
outlined, and arbitrarily labelled. If the identity of these 
labels is lost behind the horizon, we are faced with a 
many-to-one mapping and concurrent loss of predictabil- 
ity (even if this information is released at a later time) 
because the future state of the black hole cannot be as- 
certained given the labels of the accreting particles. If 
the labels are destroyed in the singularity, then we would 
be forced to assume that, to make matters worse, the 
laws of physics allow non-unitary, and thus by extension 
probability non-conserving, dynamics. 




FIG. 1: (a) Penrose diagram of the spacetime of a black hole, 
with accretion of arbitrarily labelled particles from past in- 
finity (2r~). Once the particles cross the event horizon into 
region II, they are indistinguishable (leading to a loss of in- 
formation) unless they leave a signature outside (in region I) 
via stimulated emission (labelled q',/3',7'). (b) Modes a, b, c 
and A are concentrated in a region of null infinity indicated 
by the letter (note that a and b actually overlap on X^). 

To introduce our notation, we begin by recapitulating 
the standard quantum theory of complex scalar fields in a 



gravitational background due to Hawking [l|. The pres- 
ence of a black hole's event horizon introduces a compli- 
cation to quantum field theory not encountered in flat- 
space: different vacuum states can be defined that are 
inequivalent in terms of their particle content. The so- 
called Unruh vacuum is non-trivial due to the separation 
of Schwarzschild space-time into two regions, generally 
depicted as the "outside" and "inside" region, or region 
I and region II, respectively (Fig. 1). In the standard 
treatment, the operators that annihilate the curved-space 
vacuum, Ak and {A^ annihilates the "outside" vac- 
uum while annihilates "inside"), are related to the 
flat space operators ak and hk by a Bogoliubov transfor- 
mation 5], so for example 

Au = e-'"ake'" = aa^ ~ Phl^ . (1) 

where a\. creates a particle of mode k while a_fc annihi- 
lates an antiparticle of the same mode. The transforma- 
tion provides a mapping from the trivial Boulware vac- 
uum \0)g ~ |0)a|0)b (the Boulware vacuum equals the 
standard Minkowski vacuum far from the black hole) 
to the Unruh vacuum \0)u, using a unitary operator 
U = e-'^ 

\0)u = e-^"\0),. (2) 
The Hermitian operator 

H = ig{albl^^ - akb-k + k ^ -k) (3) 

describes the entanglement of particles and antiparticles 
outside and inside the horizon (for mode k). In terms of 
the interaction strength g, it follows that 

= cosh^g=j-^ (4) 

= sinh' g = _ ^ , (5) 

where lo = \k\ is the frequency associated with mode 
k and T is the Hawking temperature. The relationship 
between the coefficients a and /? and the Hawking tem- 
perature T is enforced by an analyticity condition on the 
solution to the free-field equations, as usual 

According to Eq. ||2J), U acts as an S-matrix map- 
ping the in-states on past infinity (Z^ in Fig. 1) into 
the out-states on future infinity (X^^ and the horizon, in 
Fig. 1). As is well known, the Bogoliubov transformation 
leads to a thermal density matrix for both particles 
and antiparticles when tracing p ^ |0)(7(0| over the com- 
plementary sector, e.g., 

Pfc = (l-e-/^) ^ e---l^\nk),{nk\. (6) 

The mean number of particles emitted in region I 
(mode a) is also easily calculated from (QJ and (0) as 

(m) = t/(0|4afc|0)c; = g(0|4^fc|0)<, = (5" , (7) 
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which is the famous Planck distribution of Hawking ra- 
diation. From JBJ we can calculate the von Neumann 
entropy of frequency mode k of the inside or outside re- 
gion as 



u/T 



log(l 



(8) 



This entropy is completely thermal, which implies that 
it does not depend on the distribution of matter that 
formed the black hole, or on the identity of particles 
absorbed by the black hole at late times (our signaling 
states). No information can be extracted from it. 

However, as has been, pointed out several times in the 
past H HIE II E m El > the standard treatment that 
we have repeated above actually ignores an important 
physical process that leads to a crucial modification of 
the dynamics, and in hindsight ensures the possibility 
of signaling. This process is stimulated emission, which 
must be present when absorption and spontaneous emis- 
sion can occur. In fact, as is well known since Ein- 
stein's seminal work |[^, the probability for stimulated 
emission is directly proportional to that of spontaneous 
emission. Just as the vacuum emits pairs of particles of 
all types, momenta, and particle numbers spontaneously 
(here, with probability 0^), it also reacts to inf ailing, 
that is, absorbed, radiation or particles, by emitting in- 
stead an exact copy of the absorbed radiation or particle. 
Note that the concomitantly emitted Hawking radiation 
prevents violation of the no-cloning theorem (see |3| ) • 

Stimulated emission due to particles present just before 
formation of the black hole (early-time modes^can be 
described within the formalism just introduced 6, 
but does not shed light on the fate of information incident 
on the black hole after its formation, by late-time modes. 
Such modes (which we denote by c) are strongly blue- 
shifted with respect to the early-time modes a and b that 
are the positive and negative-frequency parts of matter 
and radiation that propagate just outside and just inside 
the horizon introduced earlier, and therefore commute 
with them 0. These modes are indicated schematically 
in Fig. lb. 

The Bogoliubov transformation connecting the outgo- 
ing mode Ak to Ok and the late-time mode Ck can be 
taken as: 



aok 



(9) 



with 



+ 7^ = 1 due to unitarity. 



The additional term 70^ turns out to be necessary for 
a consistent treatment of black hole thermodynamics , 
and can be accounted for by using an effective Hamil- 
tonian with an extra term (compared to Eq. ^ that 
describes scattering of late-time modes Ck by the static 
black hole horizon, with an interaction strength g': 



Such an interaction is entirely natural within quantum 
field theory and is completely analogous to Hamiltoni- 
ans used in quantum optics to describe transformations 
in linear optics In fact, the first term (the stan- 

dard Hawking term) corresponds to the Hamiltonian of 
an active optical element leading to state squeezing with 
strength g, while the second one describes a passive el- 
ement: a simple beam splitter with interaction strength 
g' . We will discuss the magnitude of this coupling con- 
stant in relation to the early-time interaction strength g 
below, but can assume that it will not be very different 
as they are intrinsically the same type of particles. 

Using pU|l in ©, the Bogoliubov coefficients a, (3, and 
7 can be expressed in terms of g and g' as 



a 



cos (g'w 



02 ^ |^5_^2sin^(5'w) 



5' 

sin^ ig'w) 



(11) 
(12) 

(13) 



where 



1 - {9/9' f 



We can now calculate the reduced density matrix of 
outgoing radiation in region I when no particles are in- 
cident (notation fc|0) just as before, by tracing the full 
density matrix |0)t/(0| over region II (containing modes 
h and c), and find 



1 



PfclO 



I + /32 



E 



/32 



1 + /32 



\nk){nk\ . (14) 



((TUl is pre- 



If we identify 0^ with the expression 
cisely the density matrix of spontaneous emission from a 
black hole with absorptivity F, previously obtained us- 
ing maximum entropy methods by Bekenstein |l6l |. It 
reduces to © in the limit F ^ 1. Thus, the scatter- 
ing term in (|10|l simply provides a microscopic model for 
late-time particle scattering. Using the aforementioned 
expression for 0^ along with the relation 0^ = e'^^/'^a^ 
(which is due to the standard analyticity argument for 
the solution to the field equations that carries through 
as before) we also identify 



(15) 



1 



and 7^ = 1 - F, owing to — + 7^ = 1. 

Consider now the outgoing state \nk)u when Uk late- 
time particles are incoming, constructed as before via 



\nk)L 



e-''"\nk\ 



a ' 



(16) 



where \nk)g — |0)a|0)6|7i/c)c, i-c, the state with Uk in- 
coming particles in mode c on . From Eq. JHJ, we 
immediately obtain the number of particles emitted into 
mode a if Uk were incident in mode c, since 



H = ig{a\b^_^. - Okb^k) + ig' {a\ck - flfecj,) + k ^ -k . (10) u{nk\a\'^k\nk)u = g{nk\A\Ak\nk) g = 7^nfe -I- 0^ . (17) 
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This shows that, in addition to the standard spontaneous 
emission term /3^, detectors at infinity record j'^rik parti- 
cles at infinity. The latter particles comprise two contri- 
butions: (1 — Q!^)rtfe due to elastic scattering with a single 
quantum absorption probability a^, and particles 
due to stimulated emission. 

The density matrix of outgoing radiation in region I 
when Tifc particles are incident (notation k\n) can be cal- 
culated from \nk)u{nk\ by repeated application of the 
disentangling theorems for SU(2) and SU(1,1), and trac- 
ing over the degrees of freedom of region II (modes b and 
c). Because no antiparticles are sent in, the antiparticle 
part of the density matrix factorizes and we can write 
pi"^ = Pk\n P-k\o with 



Pk 



n = ^ p{mk\nk)\mk){mk\ 



(18) 



mfc=0 



The expression for p(m|n), the probability to detect m 
outgoing particles at X"*" if n were incident on the black 
hole is complicated, but agrees exactly with that obtained 
by Bekenstein and Meisels using maximum entropy 
methods, and by Panangaden and Wald j3| in quantum 
field theory. Note that because incoming late-time parti- 
cles stimulate the emission of anti-particles behind the 
horizon, the stimulated emission process conserves all 
quantum numbers. 

We can use our expression for p{m\n) to put limits on 
the scattering strength g' . For example, the probability 
that no particle is found outside the horizon while a single 
quantum is incident is given by 



a OL 



(19) 



which tends to the single-quantum absorption probabil- 
ity o? in the zero-temperature limit. Thus, while g sets 
the temperature of the black hole as in the standard for- 
malism, g' in turn sets the reflectivity of the grey body. 
Because < p(0|l) < 1, we can deduce that < < 1, 
which in turn implies g' > g or else g' = (see Eq. Illll . 
The latter solution corresponds to the familiar Hawk- 
ing Hamiltonian Q where T = = 1, but cannot ac- 
count for a thermodynamically consistent picture that 
includes scattering from the potential barrier surround- 
ing the black hole (F < 1), as pointed out by Bekenstein 
and Meisels ■ 

A preferred choice is g' = g, as this limit describes 
perfect absorption (a^ — 1) where we find 



p{m\n) = 



-muj/T 



(1 



(20) 



But even in this extreme case, the classical (effective) ab- 
sorption probability F = q;^(1 — e"^^"^) is strictly smaller 
than unity due to the stimulated emission effect, thus al- 
lowing for the preservation of information. 



To show this, let us cast black-hole dynamics into 
the language of quantum information theory. We can 
follow the fate of information interacting with a black 
hole by using a preparer to encode information into late- 
time quantum states that are then sent into the event 
horizon. For example, we can imagine a preparer X 
who sends packets of n particles with probability p{n). 
The internal state of the preparer can be described by 
the density matrix px = Sn-P(''^)l"-)("|j with entropy 
S{px) = H[p] = — J2nPi^) log^'(^^)• After the particles 
interact with the black hole, our preparer is now corre- 
lated with it because the final state is now the density 
matrix 



P 



i,ii,x = '^p{n)\n)u{n\ <S> \n)x{n\ , 



(21) 



Tracing over the black- hole interior (region II), we ob- 
tain the joint density matrix of the radiation field in re- 
gion I and the preparer X: 



P 



i,x = ^p{n)pk\n<^\n)x{r 



with entropy 

S{pi,x) = H[p] + ^p{n)S{pk\, 



(22) 



(23) 



owing to the block-diagonal form of Eq. 1)22(1 . The mutual 
entropy between the radiation field at future infinity and 
the preparer is then simply given by 

HiX:l) = S{pi) + S{px)-S{pi,x) 



n)Pki 



-^p(n)5(p,|„),(24) 



which is known as the Holevo bound The latter 

constitutes the maximum amount of classical information 
that can be extracted from a quantum measurement, and 
its maximum (over the probability distribution of signal 
states) turns out to be the capacity of a quantum channel 
to transmit classical information |18|. 

As a simple example, consider a binary channel where 
the preparer either sends no particle (with probability 
1 — p) or a packet of n particles (with probability p) 
into the black hole. The resulting density matrix of 
outgoing particles in region I is diagonal in the number 
basis. For example, for n — 1 



Pk\i 



(1+^2)2 ^ I 1+^2 
mfc=0 



iX+^k^^)\mk){mk\ 



(25) 



is clearly non-thermal, except in the unphysical Hawking 
limit g' = 0. This implies that the channel's capacity 
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surprising needs to happen there, because the informa- 
tion about the initial state that formed the black hole, 
as well as about any late-time particles accreting on it, is 
available outside the event horizon in the form of stimu- 
lated emission. 
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FIG. 2: (a) Capacity of the binary black hole channel (n = 
1) for different absorption probabilities q^, as a function of 
u/T. The capacity of the noiseless channel is x = 1- (b) 
Capacity for anti-particle/particle encoding (solid line) and 
particle/ vacuum encoding, as a function of the packet size n. 



X — maxpiJ(X : I) never vanishes (as g' > g), and in- 
formation can be recovered with perfect accuracy (see 
Fig. 2). 

Of course, absorption of particles by the black hole 
dampens the signal, so that the capacity declines with 
a^. However, even in the worst case (full absorption. 



a — I) the capacity remains positive: x 



^/^, and 



information can still be recovered with arbitrary accu- 
racy, using standard methods of error correction. Note 
furthermore that the information loss in the absence of 
coding occurs outside of the event horizon (via the mixing 
of stimulated signal modes with Hawking noise) . We can 
see this by encoding our logical bit into particle states 
that are more easily distinguished from Hawking radia- 
tion. For example, sending bunches of n particles with 
n > 1 to signal a "1" while using the vacuum as the 
"0-state" yields a much larger capacity (dotted line in 
Fig. 2b). Using anti-particle bunches of size n to signal 
"0" increases this capacity again (solid line), as these are 
much easier to detect than the absence of particles. 

In conclusion, we found that a consistent treatment 
of black hole dynamics requires the presence of stim- 
ulated radiation outside the event horizon beyond the 
usual Hawking radiation. The radiation field in this re- 
gion is non-thermal, while accretion and evaporation de- 
scribed by the Hamiltonian is unitary. This guaran- 
tees that any change in the entropy of the inside region is 
exactly balanced by a commensurate change in the out- 
side. The information dynamics of black holes turn out 
to be those of a standard noisy quantum channel that 
is used to transmit classical information, where Hawk- 
ing radiation provides the noise source. This calculation 
does not address the fate of the black hole after complete 
evaporation directly, but strongly suggests that nothing 
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